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Abstract

This work evaluates four different forms of Lagrangian velocity correlation coefficient for stationary homogeneous turbulence at
very large Reynolds numbers through consideration of simple mathematical and physical requirements. It is shown that some of
them do not comply well with the requirements and may not be appropriate for use.
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1. Introduction

One of the most fundamental statistics of a turbulent
flow is the Lagrangian velocity correlation coefficient
(shortly, correlation coefficient). In stationary homoge-
neous turbulence, its definition is given by

) 8

where Ry is the correlation coefficient, 7 is the time lag,
u(t) is the Lagrangian velocity of a fluid element at time
t, and ( ) denotes an ensemble average (that is equiva-
lent to a time average for stationary turbulence) of a
quantity. The objective of this work is to evaluate four
different forms of Ry proposed in the literature for sta-
tionary homogeneous turbulence at very large Reynolds
numbers through consideration of essential mathemati-
cal and physical requirements. The first is the classical
exponential form given by Taylor (1921). This form has
been discussed to a large extent in Tennekes (1979). It is
included here for comparison. The others are two forms
given by Frenkiel (1953) and a recent proposal of Al-
tinsoy and Tugrul (2002). Their expressions are given in
the next section. It is important that a proper form of Ry
should comply with the following requirements:
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I: Ry iseven around the origin t = O with |Ry (7)| <1 =
R1(0). Also, it vanishes fast as || — oo such that its
integral over t holds, i.e. lim_ RL(r) =0 and
Jo7 IRL(7)]dt < o0.

II: Ry is smooth over 7. At the origin, dR; /dt = 0 and
d?Ry /d7* < 0.

III: As a result, the Lagrangian integral time scale 7j,
defined by

Ty = /0 " Ru(e)dr, 2)

is bounded or well defined.

IV: In addition, let £1 denote the Lagrangian turbulent
energy spectrum. Mathematically, Ry and Er can be
expressed as the Fourier transform pairs:

Ry(1) = <u12> /OOO Er () cos(wt) dw, (3)
and
EL(w) = %M /OOCRL(T) cos(wrt)dr, (4)

where w is the turbulence frequency. The Fourier
cosine transforms are used in the above relations
due to the evenness of both R, and E; . According to
the inertial subrange theory (K41) (Kolmogorov,
1941), E1. can be expressed by

Ep(w) =keo? (or oc o ?) (5)
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Nomenclature

a Lagrangian acceleration

k dimensionless universal constant
Ry velocity correlation coefficient

t time

u Lagrangian velocity

T 3.141592. ..

T, Kolmogorov time scale

Ey Lagrangian turbulent energy spectrum
m loop parameter

Ry, acceleration correlation coefficient

L Lagrangian integral time scale

£ mean turbulent energy dissipation rate
T time lag

w turbulence frequency

for 1 « oI < Ti/t,, where k is the dimensionless
universal constant, & is the mean turbulent energy
dissipation rate, and t, is the Kolmogorov time scale
that is small for large Reynolds numbers.

For convenience, the above requirements will be re-
ferred hereafter to as Reqs. [-1V, respectively. For more
detailed description of these requirements, see Tennekes
and Lumley (1972, Chapter 6), Hinze (1975, Chapter 1),
and Pope (2000, Chapter 6). Note that Regs. I and II are
equivalent to the five conditions in Hinze (1975, pp. 59—
60). For this work, the underlying framework is very
large Reynolds number turbulence, in which K41 theory
applies. Discussion of the effects of Reynolds number on
Ry can be found in the rigorous work of Sawford (1991).

2. Forms of Ry,

Four forms of Ry, are considered here. The first form
is given by Taylor (1921) as follows:

R =ew (7). (©)
The second and third forms are from Frenkiel (1953):
Ri(1) = exp (;|TTL|> cos <2;L), (7)
and

—nt?
R e (7% ). (s)

For the last form, Altinsoy and Tugrul (2002) recently
proposed

—nt? 72
R = _— -
L(t) = exp ( 3T ) cos <2TL2> 9)
and also presented a general set for Egs. (8) and (9) as
2

—n7T WI’L'2
Ru(7) = — M 1
0= o9 (gt ) oo (o) (10
for m > 0, where m is called the loop parameter. Notice

that Eq. (10) reduces to Egs. (8) and (9) for m = 0 and 1,
respectively. Altinsoy and Tugrul investigated the per-

RL(T) 05 |

Fig. 1. Velocity correlation coefficient versus time lag.

formance of R in Eq. (10) with m = 1, 2, and 3 and used
m = 1 as the proposed value. For conciseness, the forms
by Egs. (6)—(9) will be referred to as T, F1, F2, and AT,
respectively. Their plots are shown in Fig. 1.

3. Evaluation and discussion

To begin with, consider Req. I. It is not difficult to see
that each form is even and its magnitude equals unity at
7 = 0 but less than unity for |z| > 0. Furthermore, each
is continuous and decreases exponentially fast to zero as
|t] — oo. So, all forms satisfy this requirement.

For Req. II, it is straightforward that F2 and AT
satisfy the requirement while T and F1 do not because
their first- and second-order derivatives (with respect to
7) are not defined at the origin. In addition, it should be
noted that this requirement is also directly associated
with another mathematical constraint that the Lagran-
gian acceleration correlation coefficient (denoted by
Ry ,) has no integral time (Tennekes and Lumley, 1972,
pp. 215-216; Hinze, 1975, p. 398), i.e.
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o0 142 o~ 42
/ Ry (t)dt = () 4Ry dr
0

(@) Jy d*
_ 252‘? % =0 (11)

where a is the Lagrangian acceleration of a fluid ele-
ment. Because T and F1 fail to meet this requirement,
the above constraint cannot be met. However, these
drawbacks are not serious due to the fact that lack of
smoothness of R at the origin suggests no viscous cut-
off at high frequencies of an energy spectrum. Since the
viscous region only spans very high frequencies for very
large Reynolds number turbulence, it contains very low
total energy, which is not significant in the context of
turbulent diffusion (Tennekes, 1979).

Req. III is in fact nothing but the definition of 71.
Nevertheless, it is important to ensure that this defini-
tion indeed holds. By direct integration, it is straight-
forward to say that T, F1, and F2 meet the requirement.
For AT, its integration is somewhat complicated but can
be done using Eq. (A.2) in Appendix A. It is found that
AT cannot produce the correct result (i.e. the integration
of R over 7 from 0 to oo does not yield 71). In fact, the
set given by Eq. (10) fails to meet the requirement for all
m > 0, except for m =~ 1.0056. That is, the integral is less
than 71 for 0 < m < 1.0056 (approx.) and more than T
for m > 1.0056 (approx.). For AT, the integral equals
0.9996Ty (approx.). Thus, AT is invalid due to 7 being
ill defined.

To check the compliance with Req. 1V, first deter-
mine the expression of Ep corresponding to each Ry
form using Eq. (4). After some algebra with help of the
formulas in Appendix A, obtain:

EL(CU) 2
T: = 12
T, n(l+?TE)’ (12)
Fl. Ei(o) 2(1420?°T7)
T AT (1 =20TL+ 20T (14 20Ty + 202 TE)’
(13)
pp. @) _2 (20T (14)
T, w p T ’
_pR2
aT: BO) exp |22
(u >TL \/E4 ﬁ2+A2 4(ﬁ +A2)
X COS larctan <é> A
2 B) A +a)]
. T 1
with f=—, A==, and B=wT. (15)

8 2

Fig. 2 shows E| calculated from the above relations.
Based on K41 theory, it is anticipated that £y exhibits
linear proportionality to w2 for wTy > 1. It is seen

(a) Log-Log Scale - T

E (@) /T,
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Fig. 2. Energy spectrum versus frequency: (a) T, F1, and F2 on log-log
scale and (b) AT, Eq. (10) with m = 1.0056, and F2 on log-linear scale.

from Fig. 2a that T and F1 can capture the o2 falloff.
The energy spectra of AT and F2 are similar and do not
have the w2 falloff, as shown in Fig. 2b. Note that Fig.
2b uses log-linear scale instead in plotting because the
energy spectrum of AT becomes negative for some
frequencies, which violates the non-negativity of the
Fourier transform of an autocorrelation coefficient
(Bracewell, 2000, p. 122). Hence, only T and F1 agree
with K41 theory.

From the above discussion, it is fair to say that T and
F1 are appropriate for use because both comply well
with most of the requirements. Although they are not
smooth at the origin, this problem can be considered
minor in the context of turbulent diffusion. In addition,



712 K. Manomaiphiboon, A.G. Russell | Int. J. Heat and Fluid Flow 24 (2003) 709-712

both have given good agreement with various numerical
and experimental results. For example, Yeung and Pope
(1989) obtained Ry from direct numerical simulations
(DNS) of stationary homogeneous turbulence at mod-
erate Reynolds numbers and compared the results with
the data measured in grid turbulence by Sato and Ya-
mamoto (1987), finding that the classical exponential
form (or T) shows a good fit. Berlemont et al. (1990)
however found better agreement when using F1 in the
computer program PALAS (PArticle LAgrangian Sim-
ulation) with the experimental data from a turbulent
pipe flow by Taylor and Middleman (1974). For F2,
although most of the requirements are met, it does not
agree with K41 theory. For AT, it suffers from lack of a
well defined 7, disagreement with K41 theory, and its
spectrum being negative for some frequencies. The first
problem of AT may be remedied as follows: Let C de-
note the ratio of 7 to the integral of the right-hand side
term in Eq. (9) (i.e. C ~ 0.9996"' ~ 1.0004). Then, AT
can be rewritten by

—nt? 72
RL(r):Cexp<8—TE>cos (2_Tf> (16)
Nevertheless, this remedy still does not satisfy K41
theory and the non-negativity of the energy spectrum.
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Appendix A
From Gradshteyn and Ryzhik (2000, p. 483 and 488),

/OOO exp(—px?) cos(Bx) dx

— 3 fpe (%) (for > 0), (A1)

/OOO exp(—px?) cos(4x*) dx
= 2\4/1% cos B arctan <IZ>}

(A2)

and

/oo exp(—px?) cos(A4x?) cos(Bx) dx
0

_ VT | P
20/ B+ 42 AP +42)

X COS 1 arctan (A> ABZ
2 B 4(B* + 42)

(for p,4,B > 0). (A.3)
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